Introduction
A 3-dimensional orientable orbifold is a metrizable space with coherent local models given by quotients of R 3 by finite subgroups of SO(3). For example, the quotient of a 3-manifold by a properly discontinuous group action naturally inherits a structure of a 3-orbifold. When the group action is finite, such an orbifold is said to be very good. The set of points having non-trivial local isotropy group is called the ramification locus of the orbifold. It is a trivalent graph. For a general background about orbifolds we refer to [BS1, BS2] , [CHK] , [DaM] , [Kap, Ch. 7] , [Sco] , and [Thu1, Ch. 13 ] .
In 1982, Thurston [Thu2, Thu6] announced the geometrization theorem for 3-orbifolds with non-empty ramification locus and lectured about it. Several partial results have been obtained in the meantime, see [BoP] . The purpose of this article is to give a complete proof of the orbifold theorem, cf. [BLP0] . A different proof has been announced in [CHK] .
The main result of this article is the following uniformization theorem, which implies the orbifold theorem for compact orientable 3-orbifolds.
Main Theorem (Uniformization of small 3-orbifolds). Let O be a compact orientable connected small 3-orbifold with non-empty ramification locus. Then O is geometric (i.e admits either a hyperbolic, Euclidean, spherical or Seifert fibred structure).
An orientable compact 3-orbifold O is small if it is irreducible, its boundary ∂O is a (perhaps empty) collection of turnovers (i.e. 2-spheres with three branching points), and it does not contain any other closed incompressible orientable 2-suborbifold.
An application of the Main Theorem concerns non-free finite group actions on the 3-sphere S 3 , see section 2.2. It recovers all the previous known partial results (cf. [DaM] , [Fei] , [MB] , [Mor] ), as well as the results about finite group actions on the 3-ball (cf. [MY2] , [KS] ). Corollary 1.1. An orientation preserving smooth non-free finite group action on S 3 is conjugate to an orthogonal action.
Every compact orientable irreducible and atoroidal 3-orbifold can be canonically split along a maximal (perhaps empty) collection of disjoint and pairwise non-parallel hyperbolic turnovers. The pieces that are obtained are either Haken or small 3-orbifolds (cf. §2).
Using an extension of Thurston's hyperbolization theorem to the case of Haken orbifolds (cf. [BoP, Ch. 8 ]), we show that the Main Theorem implies the orientable case of the orbifold theorem:
Corollary 1.2 (Orbifold Theorem). Let O be a compact connected orientable irreducible 3-orbifold with non-empty ramification locus. If O is topologically atoroidal, then O is geometric.
Any compact connected orientable 3-orbifold that does not contain any bad 2-suborbifold, can be split along a finite collection of disjoint embedded spherical and toric 2-suborbifolds ( [BS1] ) into irreducible and atoroidal 3-orbifolds (which are geometric by the orbifold theorem, Corollary 1.2).
The fact that 3-orbifolds with a geometric decomposition are very good [McCMi] implies:
Corollary 1.3. Every compact connected orientable 3-orbifold which does not contain a bad 2-suborbifold is very good.
The paper is organized as follows, compare the flowchart below. In Section 2 we recall some basic terminology about orbifolds. Then we deduce the orbifold theorem from our Main Theorem and reduce the proof of the latter one to the case when the smooth part is hyperbolic.
The remaining of the paper is devoted to the proof of the Main Theorem. The proof is based on some geometric properties of cone manifolds, which are proved in the first part of this paper [BLP1] . These results are briefly recalled in Section 3.1.
The starting point of the argument is the hyperbolic structure on the smooth part of the orbifold. We view it as a hyperbolic cone structure on the orbifold with cone angles zero. The goal is to increase the cone angles of this hyperbolic cone structure as much as possible. In Section 4 we prove that there exist deformations which change the cone angles.
Next we consider a sequence of hyperbolic cone structures on the orbifold whose cone angles converge to the supremum of the cone angles in the deformation space. In Section 5 we prove a stability theorem for non-collapsing sequences of hyperbolic cone structures on a small orbifold. This theorem covers the case when the orbifold angles can be reached in the deformation space of hyperbolic cone structures, and therefore the orbifold is hyperbolic.
The case when the sequence of cone structures collapses is analyzed in Section 7. If the diameters of the collapsing cone structures are bounded away from zero, then we conclude that the orbifold is Seifert fibered, using the fibration theorem 6.1 of Section 6.
Otherwise the diameter of the sequence of cone structures converges to zero. Then we show that the orbifold is geometric, unless the following situation occurs: The orbifold is closed and admits a Euclidean cone structure with cone angles strictly less than its orbifold angles.
We deal with this last case in sections 8 and 9 by proving that the orbifold is spherical (spherical uniformization theorem). For orbifolds with cyclic or dihedral stabilizer, the proof relies on Hamilton's theorem. In the general case the proof is by induction on the number of platonic vertices and involves deformations of spherical cone structures.
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Reductions of the main results

Basic definitions
According to [BS1, BS2] and [Thu1, Ch. 13] , we use the following terminology.
A compact 2-orbifold F 2 is said to be spherical, discal, toric or annular if it is the quotient by a finite smooth group action of respectively the 2-sphere S 2 , the 2-disk D 2 , the 2-torus T 2 or the annulus S 1 × [0, 1].
A compact 2-orbifold is bad if it is not good (i.e. it is not covered by a manifold). Such a 2-orbifold is the union of two non-isomorphic discal 2-orbifolds along their boundaries.
A compact 3-orbifold O is irreducible if it does not contain any bad 2-suborbifold and if every orientable spherical 2-suborbifold bounds in O a discal 3-suborbifold, where a discal 3-orbifold is a finite quotient of the 3-ball by an orthogonal action.
A connected 2-suborbifold F 2 in an orientable 3-orbifold O is compressible if either F 2 bounds a discal 3-suborbifold in O or there is a discal 2-suborbifold ∆ 2 which intersects transversally F 2 in ∂∆ 2 = ∆ 2 ∩ F 2 and such that ∂∆ 2 does not bound a discal 2-suborbifold in F 2 .
A 2-suborbifold F 2 in an orientable 3-orbifold O is incompressible if no connected component of F 2 is compressible in O.
A properly embedded 2-suborbifold (F, ∂F ) ֒→ (O, ∂O) is ∂-compressible if:
-either (F, ∂F ) is a discal 2-suborbifold (D 2 , ∂D 2 ) which is ∂-parallel, Figure 1 : Flowchart of the proof -or there is a discal 2-suborbifold ∆ ⊂ O such that ∂∆ ∩ F is a simple arc α, ∆ ∩ ∂M is a simple arc β, with ∂∆ = α ∪ β and α ∩ β = ∂α = ∂β.
An orientable properly embedded 2-suborbifold F 2 is ∂-parallel if it belongs to the frontier of a collar neighborhood F 2 × [0, 1] ⊂ O of a boundary component F 2 ⊂ ∂O.
A properly embedded 2-suborbifold F 2 is essential in a compact orientable irreducible 3-orbifold, if it is incompressible, ∂-incompressible and not ∂-parallel.
A compact 3-orbifold is topologically atoroidal if it does not contain any embedded essential orientable toric 2-suborbifold.
A turnover is a 2-orbifold with underlying space a 2-sphere and ramification locus three points. In an irreducible orientable 3-orbifold an embedded turnover either bounds a discal 3-suborbifold or is incompressible and of non-positive Euler characteristic.
An orientable compact 3-orbifold O is Haken if it is irreducible, if every embedded turnover is either compressible or ∂-parallel, and if it contains an embedded orientable incompressible 2-suborbifold which is not a turnover.
Remark 2.1. The word Haken may lead to confusion, since it is not true that a compact orientable irreducible 3-orbifold containing an orientable incompressible properly embedded 2-suborbifold is Haken in our meaning (cf. [Dun1] , [BoP, Ch. 8] ).
An orientable compact 3-orbifold O is small if it is irreducible, its boundary ∂O is a (perhaps empty) collection of turnovers, and O does not contain any essential orientable 2-suborbifold. It follows from Dunbar's theorem [Dun1] that the hypothesis about the boundary is automatically satisfied.
Remark 2.2. By irreducibility, if a small orbifold O has non-empty boundary, then either O is a discal 3-orbifold, or ∂O is a collection of Euclidean and hyperbolic turnovers.
A compact orientable 3-orbifold O is hyperbolic if its interior is orbifold-diffeomorphic to the quotient of the hyperbolic space H 3 by a non-elementary discrete group of isometries. In particular I-bundles over hyperbolic 2-orbifolds are hyperbolic, since their interiors are quotients of H 3 by non-elementary Fuchsian groups.
A compact orientable 3-orbifold is Euclidean if its interior has a complete Euclidean structure. Thus, if a compact orientable and ∂-incompressible 3-orbifold O is Euclidean, then either O is a I-bundle over a 2-dimensional Euclidean closed orbifold or O is closed.
A compact orientable 3-orbifold is spherical when it is the quotient of S 3 by the orthogonal action of a finite subgroup of SO(4).
A Seifert fibration on a 3-orbifold O is a partition of O into closed 1-suborbifolds (circles or intervals with silvered boundary) called fibers, such that each fiber has a saturated neighborhood diffeomorphic to S 1 × D 2 /G, where G is a finite group which acts smoothly, preserves both factors, and acts orthogonally on each factor and effectively on D 2 ; moreover the fibers of the saturated neighborhood correspond to the quotients of the circles S 1 × { * }. On the boundary ∂O, the local model of the Seifert fibration is
A 3-orbifold that admits a Seifert fibration is called Seifert fibered. A Seifert fibered 3-orbifold which does not contain a bad 2-suborbifold is geometric (cf. [Sco] , [Thu7] ).
Besides the constant curvature geometries E 3 and S 3 , there are four other possible 3-dimensional homogeneous geometries for a Seifert fibered 3-orbifold: H 2 ×R, S 2 ×R, SL 2 (R) and Nil.
The non Seifert fibered 3-orbifolds require either a constant curvature geometry or Sol. Compact 3-orbifolds with Sol geometry are fibered over a closed 1-dimensional orbifold with toric fiber and thus they are not topologically atoroidal (cf. [Dun2] ).
Finite group actions on spheres with fixed points
Proof of Corollary 1.1 from the Main Theorem. Consider a non-free action of a finite group Γ on S 3 by orientation preserving diffeomorphisms. Let O = Γ\S 3 be the quotient orbifold.
If O is irreducible then the equivariant Dehn Lemma implies that any 2-subsorbifold with infinite fundamental group has a compression disk. Hence O is small and we apply the Main Theorem.
Suppose that O is reducible and take a prime decomposition along a family of spherical 2-suborbifolds. These lift to a family of 2-spheres in S 3 . Consider an innermost 2-sphere. It bounds a ball B ⊂ S 3 . The quotient Q of B by its stabilizer Γ ′ in Γ has one boundary component which is a spherical 2-orbifold. We close it by attaching a discal 3-orbifold. The resulting closed 3-orbifold O ′ is a prime factor of O. O ′ is irreducible, and hence spherical. The action of Γ ′ on O ′ ∼ = S 3 is standard and preserves the sphere ∂B. Thus the action is a suspension and Q is discal. This contradicts the minimality of the prime decomposition.
Proof of the orbifold theorem from the Main Theorem
This proof is based on the following extension of Thurston's hyperbolization theorem to Haken orbifolds (cf. [BoP, Ch. 8 Remark 2.4. The proof of this theorem follows exactly the scheme of the proof for Haken manifolds [Thu2, Thu3, Thu5] , [McM1] , [Kap] , [Ot1, Ot2] (cf. [BoP, Ch. 8 ] for a precise overview).
Proof of Corollary 1.2 (the orbifold theorem).
Let O be a compact orientable connected irreducible topologically atoroidal 3-orbifold. By [Dun1, Thm. 12] there exists in O a (possibly empty) maximal collection T of disjoint embedded pairwise non-parallel essential turnovers. Since O is irreducible and topologically atoroidal, any turnover in T is hyperbolic (i.e. has negative Euler characteristic).
When T is empty, the orbifold theorem reduces either to the Main Theorem or to Theorem 2.3 according to whether O is small or Haken.
When T is not empty, we first cut open the orbifold O along the turnovers of the family T . By maximality of the family T , the closure of each component of O −T is a compact orientable irreducible topologically atoroidal 3-orbifold that does not contain any essential embedded turnover. Let O ′ be one of these connected components. By the previous case O ′ is either hyperbolic, Euclidean or Seifert fibered. Since, by construction, ∂O ′ contains at least one hyperbolic turnover T , O ′ must be hyperbolic. Moreover any such hyperbolic turnover T in ∂O ′ is a Fuchsian 2-suborbifold, because there is a unique conjugacy class of faithful representations of the fundamental group of a turnover in P SL 2 (C).
We assume first that all the connected components of O − T have 3-dimensional convex cores. In this case the totally geodesic hyperbolic turnovers are the boundary components of the convex cores. Hence the hyperbolic structures on the components of O − T can be glued together along the hyperbolic turnovers of the family T to give a hyperbolic structure on the 3-orbifold O.
If the convex core of 
Reduction to the case when the smooth part is hyperbolic
Let O be a compact connected orientable small 3-orbifold with non-empty ramification locus Σ. The singular locus Σ is a trivalent graph properly embedded in |O|. Let Σ
denote the set of vertices of Σ and Σ (1) = Σ − Σ (0) the union of edges and circles of the ramification locus.
We consider the manifold M = |O| − Σ (1) − N (Σ (0) ), i.e. we remove the edges and circles of Σ and an open neighborhood of each vertex. The manifold M is noncompact, with boundary ∂M = (∂N (Σ (0) ) ∪ ∂O) − Σ (1) a finite collection of three times punctured spheres.
The following proposition allows to reduce the proof of the Main Theorem to the case where M admits a complete hyperbolic structure with finite volume and totally geodesic boundary.
Proposition 2.5. Either the manifold M has a complete hyperbolic structure with finite volume and with totally geodesic boundary, or O admits a Seifert fibration, an I-bundle structure, or a spherical structure.
Proof. Let M = O−N (Σ) be a compact core of M. The boundary ∂M is the union of compact pairs of pants (which are a compact core of ∂M) together with a collection P ⊂ ∂M of tori and annuli, corresponding to the boundary of a neighborhood of edges and circles in Σ.
Lemma 2.6. Either M is Seifert fibered or (M , P ) is a pared manifold.
We recall that a pared manifold is a pair (M , P ) such that: -M is a compact orientable irreducible 3-manifold.
-P ⊂ ∂M is a disjoint union of incompressible tori and annuli such that no two components of P are isotopic in M.
-M is homotopically atoroidal and P contains all torus components of ∂M .
-There is no essential annulus (A, ∂A) ⊂ (M , P ).
We remark that with this definition, a pared manifold is never Seifert fibered.
Proof. The manifold M is irreducible and topologically atoroidal because so is O.
Assuming that M is not Seifert fibered, then M is homotopically atoroidal, and we prove that (M , P ) is a pared manifold. First we show that P is incompressible in M . A compressible annulus in P would give a teardrop in O, contradicting irreducibility of O. If a torus component of P was compressible, then the irreducibility of M would imply that M is a solid torus, hence Seifert fibered. It only remains to check that the pair (M , P ) is anannular. Let (A, ∂A) ⊂ (M, P ) be an essential annulus; we distinguish three cases according to whether ∂A is contained in a) torus components of P , b) annulus components of P , or c) a torus and an annulus of P . In the first case, a classical argument using the atoroidality of M implies that M is Seifert fibered [BS1, Lemma 7] . In case b), adding two meridian discal orbifolds to A along ∂A would give a bad or an essential spherical 2-suborbifold, contradicting the irreducibility of O. Case c) reduces to case b), by considering the essential annulus obtained by gluing two parallel copies of A with the annulus P 0 − N (∂A), where P 0 is the torus component of P that meets ∂A.
End of the proof of Proposition 2.5. We consider both possibilities of Lemma 2.6. When M is Siefert fibered, then the fibration of M extends to a fibration of the orbifold O by adding the components of Σ as fibers, because O is irreducible. When (M , P ) is a pared 3-manifold, since M is Haken, by Thurston's hyperbolization theorem for Haken pared 3-manifolds (cf. [Thu2, Thu3, Thu4, Thu5] , [McM1] , [Kap] , [MB] [Ot1, Ot2] ), the interior of M admits a complete hyperbolic structure with parabolic locus P . The convex core of this metric may have dimension two or three. If it has dimension three, then this gives a hyperbolic metric on M with totally geodesic boundary and cusp ends, because the boundary is a union of three times punctured spheres, and therefore the Teichmüller space of ∂M is a point.
If the convex core has dimension two, then M is an I-bundle. Since ∂M is a union of three times puntured spheres, and such a punctured spheres do not have free involutions, it follows that M is a product of the interval with a three times punctured sphere. Hence there are three possibilities. In the first case ∂O = ∅ and O is the suspension of a turnover. This turnover must be spherical and it is clear that O is spherical itself. If ∂O has precisely one component, then O is the quotient of a ball (hence it is spherical with geodesic boundary). Finally, the last case happens when ∂O has two components. In this case O is an I-bundle over a turnover, the turnover is Euclidean or hyperbolic, and O is also Euclidean or hyperbolic.
3 Geometric preliminaries 3.1 Cone 3-manifolds with cone angles ≤ π
In this section we review some of the results from [BLP1] that we need for the proof of the Main Theorem.
Basic definitions
For a metric space X, the metric cone of curvature k is denoted by C k (X), and the ball of radius ε > 0 centered at the tip of the cone is denoted by C k,ε (X).
Fixing the convention that 1-dimensional cone manifolds are circles, we define:
Definition 3.1. For n ≥ 2, a cone n-manifold of curvature k ∈ R is a complete metric length space with the following local property: for every point p there exists
We remark that the isometry B ε (p) ∼ = C k,ε (L p ) maps p to the tip of the cone. A metric ball B r (p) which is isometric to the cone C k,r (L p ) is called a standard ball.
A cone manifold of curvature k = +1, k = 0 or k = −1 is said to be spherical, Euclidean or hyperbolic, respectively.
The link of a point p in a cone manifold is the orientable spherical (n − 1)-cone manifold L p such that p has a neighborhood isometric to the cone C k,ε (L p ) and p corresponds to its tip.
The link is also called the space of directions, because all minimizing segments starting at the tip of the cone
A point is non-singular iff its link is a (n − 1)-dimensional standard sphere, and it is singular otherwise. The set of singular points is denoted by Σ and it is called singular locus.
Example 3.2. If M is an n-manifold of constant curvature k and G is a finite group of orientation preserving isometries, then M/G is a cone n-manifold of curvature k (the proof is by induction). Since it is a local notion, an n-orbifold with a metric of constant curvature is also a cone n-manifold. Local description of cone manifolds in dimension 2 and 3
In dimension 2, the link of a point p is a circle L p of length less than or equal to 2π, because we require diam(
Definition 3.3. For a singular point in a 2-dimensional cone manifold, the length of its link is called the cone angle.
Remark 3.4. In our definition, cone angles are always less than 2π. One could also define cone manifolds with cone angles > 2π, but the metric properties are substantially different (most of the results here are false when cone angles exceed 2π).
In a 2-dimensional cone manifold, the singular set is discrete.
Definition 3.5. The cone manifold S 2 (α, β, γ) is called a turnover. It is spherical, Euclidean or hyperbolic according to whether α + β + γ is more than, equal to, or less than 2π, respectively.
The following fact is an consequence of the classification of spherical cone manifolds with cone angles ≤ π. -a ball with a singular axis, when
-a ball with three singular edges adjacent to a singular vertex, when
In particular, the singular locus of a cone 3-manifold with cone angles less than or equal to π is a graph of valency at most three.
A cone manifold with curvature k is an Alexandrov space of curvature ≥ k (note that we require the cone angles to be less than 2π). Hence we can use results about Alexandrov spaces. For the following result we refer to [BGP, Thm. 3.6] Proposition 3.7. If C is a cone manifold of curvature
Injectivity radius Definition 3.8. The injectivity radius at p is the supremum of all r such that B r (p) is a standard ball.
If we view the tangent space at p as the infinite cone of curvature zero C 0,∞ (L p ), then the injectivity radius can be defined in terms of the exponential map, compare [BLP1, §2.1] . If p is smooth, then the injectivity radius coincides with the usual injectivity radius. The injectivity radius is not continuous, but only continuous along strata, i.e. on the smooth part and along singular edges.
Definition 3.9. For δ > 0, a cone manifold C is said to be δ-thick if it contains an embedded smooth standard ball of radius δ. Otherwise C is called δ-thin. For ω > 0, a cone manifold is said to have ω-thick links if the link of each point is ω-thick.
Notice that, for sufficiently small ω > 0, a 3-dimensional cone manifold with cone angles ≤ π has ω-thick links if, for some ω 1 , ω 2 > 0 depending only on ω, the following hold:
(i) The cone angles are ≥ ω 1 .
(ii) At each singular vertex, the sum of cone angles of adjacent edges is ≥ 2π + ω 2 .
The first condition implies thickness of links at points on singular edges, the second one at singular vertices. Proof. We may assume that C is a complete singular cone. The smooth points in C with injectivity radius < δ are contained in a tubular neighborhood of radius ρ(κ, ω, δ) around the singularity where lim δ→0 ρ(κ, ω, δ) = 0. We choose δ < r 2 sufficiently small such that ρ(κ, ω, δ) < r 2 .
Compactness and thickness results
Geometric convergence
By geometric convergence we will mean pointed bi-Lipschitz convergence (cf. [GLP] ). Here we recall some notions.
Given ε > 0, a map f : X → Y between metric spaces is called (1+ε)-bi-Lipschitz if f is an embedding so that f and f −1 have Lipschitz constant (1 + ε). Hence f is 1-bi-Lipschitz if and only if f is an isometric embedding.
A pointed cone manifold is a pair (C, x), where C is a cone manifold and x ∈ C is a point. Definition 3.11. A sequence of pointed cone 3-manifolds {(C n , x n )} n∈N converges geometrically to a pointed cone 3-manifold (C ∞ , x ∞ ) if, for every R > 0 and ε > 0, there exists an integer n 0 such that, for n > n 0 , there is a (1 + ε)-bi-Lipschitz map f n : B R (x ∞ ) → C n satisfying:
Remark 3.12. By definition, the following inclusion is also satisfied:
Compactness theorem
It is easy to see that the space of cone 3-manifolds with bounded constant curvature and cone angles < 2π is precompact in the Gromov Hausdorff topology. Under suitable conditions, the limits are still cone manifolds: Then a subsequence of (C n , p n ) converges geometrically to a pointed cone 3-manifold
Remark 3.14. In [BLP1] the compactness theorem is proved for the Gromov-Hausdorff topology. However it follows from the local structure of cone 3-manifolds and the controlled decay of injectivity radius [BLP1, Prop. 3.3 and Addendum 3.5 ] that the Gromov-Hausdorff topology and the pointed bi-Lipschitz topology are equivalent on the space of pointed cone 3-manifolds with a thick non-singular point (cf. [BoP, Ch. 3] ).
The following lemma allows to apply the compactness theorem in many situations. 
Suppose that v ∈ C is a singular vertex with at least two adjacent edges of cone angle
≤ π − ε. Then inj(v) ≥ δ.
Finiteness of cone 3-manifolds with cone angles < π
In this section C denotes a non-compact connected hyperbolic cone 3-manifold (without boundary), with cone angles ≤ α < π.
We recall the following definitions:
Definition 3.16. A Margulis tube in a hyperbolic cone 3-manifold C is the tubular neighborhood of a totally geodesic cone manifold of small diameter. In our case, a simple closed geodesic (possibly singular) or a hyperbolic turnover transverse to the singularity.
A parabolic cusp is a product E 2 × [0, +∞), where (E 2 , g) is a closed Euclidean cone 2-manifold and E 2 × [0, +∞) has the warped product metric e −2t g + dt 2 . In our case E 2 is a torus or a Euclidean turnover, because we assume cone angles < π.
In [BLP1] it is proved that, for some δ(α) > 0, the δ-thin parts of a hyperbolic cone manifold with finite volume and with cone angles ≤ α < π is a (finite) union of Margulis tubes and parabolic cusps. As a corollary we obtain the following theorem [BLP1, Thm 6.6].
Theorem 3.17 (Finiteness). Let C be a non-compact connected hyperbolic cone 3-manifold (without boundary), with cone angles ≤ α < π. If C has finite volume, then C has finitely many ends and all of them are parabolic cusps.
In particular the singular locus Σ of C has at most finitely many vertices and components.
Singular metrics with upper curvature bounds 3.2.1 Certain spherical cone surfaces with the CAT(1) property
The results of this subsection will be used in Section 9 to show that certain Euclidean cone structure on the orbifold O is a metric that satisfies locally the CAT(0) property, by showing that the links are CAT(1).
Let L be a spherical cone surface with cone angles > 2π. Such surfaces have curvature ≤ 1 in the local sense. We discuss the question when L enjoys the CAT(1)-property, i.e. satisfies global triangle comparison with upper curvature bound 1. We give some examples which will be needed in later sections.
Due to a general criterion for piecewise spherical complexes, L is CAT(1) if and only if it contains no nonconstant closed geodesic with length < 2π, compare [Gr2, sec. 4.2 A and B] . An elegant way to check the CAT(1) property was discovered by Rivin in his thesis:
Theorem 3.18 (Rivin, cf. [RH] ). The polar dual of a compact convex polyhedron in H 3 is CAT(1).
The result extends to ideal polyhedra, cf. [ChD, Thm. 4 
The polar dual or Gauß image G(P ) of a convex polyhedron P in H 3 is constructed as follows, generalizing the Gauß map for convex polyhedra in Euclidean space. For every vertex v of P we take the set G(v) of all outer unit normal vectors at v. Equipped with its natural metric as a subset of the unit tangent sphere, G(v) is a spherical polygon. The sides of G(v) correspond to the edges of P adjacent to v. If the vertices v 1 and v 2 are joined by an edge e, we glue the polygons G(v 1 and G(v 2 ) along their sides corresponding to e. The resulting spherical complex is G(P ), and it is easily seen to be a spherical cone surface with cone points of angles > 2π.
As an example, which will be relevant to us later, we determine the polar duals of the platonic solids. Let P be a regular polyhedron in H 3 . (P can be a tetrahedron with face angles < , or an icosahedron with face angles < π 3
.) The isometry group Isom(P ) acts on the dual G(P ) as a reflection group. Let ∆(P ) be the quotient 2-orbifold. It is a triangle with reflector boundary equipped with a spherical metric. The vertices of ∆(P ) correspond to the vertices, edge midpoints, face centers of P , respectively. The angles of the triangle equal the orbifold angles at the first two vertices, but the third angle is bigger than the corresponding orbifold angle. In other words, in the orbifold sense, the metric is smooth everywhere except at the third vertex, and there it has concentrated negative curvature.
For instance, if P is a (possibly ideal) icosahedron with face angles < π 3
, then G(P ) is a piecewise spherical dodecahedron composed of regular pentagons with angles ∈ ( , and the metric is smooth everywhere except at one vertex where it has concentrated negative curvature.
Then the pull-back of the metric to the universal covering orbifold ∆ ∼ = S 2 satisfies the CAT (1) property.
Only the case when ∆ is cyclic is not given by the platonic solids. But in this case, ∆ is the suspension of a circle with length > 2π, hence also CAT(1).
The next example is related. Proof. By folding these orbifolds along their symmetry axis, one obtains index-two ramified coverings over the orbifolds with vertex isotropies (D 2 , D 3 , D 4 ). The angles of the quotient orbifolds satisfy the assumptions in the proposition. The quotients have the same universal cover, and the assertion follows from the proposition.
Putting a CAT(-1)-structure on the smooth part of a cone manifold
Let C be an orientable hyperbolic cone 3-manifold with cone angles ≤ π and totally geodesic boundary. To simplify our discussion, we will assume that C is geometrically finite in the sense that it has finitely many ends and all ends are cusps. Next proposition is used in Section 5 to show that the smooth part of C is homotopically atoroidal.
Proposition 3.21. The compact core of C smooth admits a possibly singular metric of nonpositive curvature. Moreover, the metric is strictly negatively curved away from the boundary tori corresponding to the smooth cusps and singular closed geodesics of C.
Proof.
Step 1: Removing neighborhoods of the singular vertices and truncating singular cusps. Consider a first vertex v ∈ Σ (0) . We choose a small positive number ρ v < 1 2 inj(v) and denote by w 1 , w 2 , w 3 ∈ Σ
(1) the three singular points at distance ρ v from v. We take the convex hull of {w 1 , w 2 , w 3 } inside the closed ball B ρv (v), and denote by U v the interior of the convex hull.Ū v can be obtained by doubling a hyperbolic simplex along three of its faces; ∂U v is the union of two geodesic triangles glued along their boundaries. Consider now a singular cusp C ⊂ C with horospherical cross section H. Since C is orientable, H is a Euclidean cone sphere with three or four cone points. As before we form the convex hull of H ∩ Σ inside C and denote its interior by U C . ∂U C is piecewise geodesic with vertices in H ∩ Σ.
By taking out the neighborhoods U v around all singular vertices v and truncating all singular cusps C, we obtain a hyperbolic cone manifold
with piecewise totally geodesic concave boundary.
Step 2: Removing neighborhoods around the singular edges. C ′ has no singular vertices any more. Its singular locus Σ ′ := Σ ∩ C ′ consists of closed singular geodesics and of singular segments with endpoints in the boundary. We now treat the latter ones.
Consider a singular edge σ = ww ′ in C ′ ∩ Σ with endpoints in w, w ′ ∈ ∂C ′ . We will work inside a tubular ρ σ -neighborhood T of σ in C ′ with small radius. Choose an interior point m of σ and a little totally geodesic disk ∆ orthogonal to σ and centered at m. Consider one of the endpoints of σ, say w. The boundary of C ′ is concave at w. (This includes the possibility of being totally geodesic, which we regard as weak concavity). The link Σ w C ′ is a disk with one cone point and concave boundary; its boundary is a geodesic bigon with vertices ξ 1 and ξ 2 . (In the totally-geodesic case, ∂Σ w C ′ is a circle and the ξ i are not well-defined; we choose them as a pair of opposite points on the circle.) For 0 < δ << ρ σ , let y 1 , y 2 ∈ T ∩ ∂C ′ be the points with d(w, y i ) = δ and −→ wy i = ξ i . If δ is sufficiently small, then there exists a boundary point z i ∈ ∂C ′ ∩ T near w ′ and a geodesic segment c i = y i z i inside T intersecting ∆ orthogonally. Exchanging the roles of w and w ′ , we construct analogously two geodesic segments c inside T and denote its interior by U σ . Since the four segments intersect ∆ orthogonally, the boundary of U σ is the union of four totally geodesic quadrilaterals.
We perform this construction for all singular edges σ so that the closed neighborhoodsŪ σ are disjoint. Removing the neighborhoods U σ for all singular edges with endpoints in ∂C ′ yields a compact cone manifold
with piecewise totally geodesic boundary. The crucial point is:
Lemma 3.22. C carved is locally CAT(-1) near the boundary.
Proof. Since C carved is everywhere locally conical, we have to check that the links at all boundary points are CAT(1). This is nontrivial only at the boundary vertices. In our notation above, these are the points y i and z i . In both cases, the link is isometric to a polygon (quadrilateral or triangle) in the unit sphere which can be divided by a secant into two convex spherical triangles. Hence the links contain no nonconstant closed geodesics of length < 2π -actually no nonconstant closed geodesics at alland therefore are CAT(1).
Step 3: Modification near closed singular geodesics and at smooth cusps. These are straight forward. We truncate the smooth cusps along horospherical torus cross sections, respectively, remove open tubular neighborhoods of small radii around the singular closed geodesics. Then, by a standard double warped product construction, we perturb the metric locally near the new boundary components to a nonpositively curved Riemannian metric with totally geodesic flat boundary. We obtain a compact nonpositively curved Riemannian manifold C core with piecewise totally geodesic boundary. The boundary components are either totally geodesic (flat or hyperbolic), or piecewise totally geodesic hyperbolic. Lemma 3.22 implies that C core is CAT(0). Topologically, C core is a compact core for C smooth . This concludes the proof of Proposition 3.21.
Deformations of hyperbolic cone structures
From now on we assume that the manifold M admits a complete hyperbolic structure of finite volume with totally geodesic boundary. Starting with this metric, in this section we define a space of deformations of hyperbolic cone structures on O and show that it is open. There is the analogous definition for Euclidean and spherical cone structures on the orbifold O.
We do not insist in i to be an homeomorphism in order to be able to work with small cone angles. Namely, recall that in a hyperbolic cone manifold the addition of cone angles of the singular edges adjacent to a vertex of Σ is > 2π, because the link of a point is spherical. Thus, when the sum of cone angles attached to the edges adjacent to a vertex in O is = 2π we remove the vertex from O and the hyperbolic structure on the punctured neighborhood is a cusp; and when the sum is < 2π we remove an open ball around the vertex and require the boundary turnover to be totally geodesic.
We regard the complete hyperbolic structure of finite volume and geodesic boundary on M as a hyperbolic cone structure on O with all cone angles equal to zero.
Let m 1 , . . . , m q be the ramification indices of the edges and circles of Σ (with respect to a fixed numbering). Throughout the proof of the Orbifold Theorem we will consider the following set of hyperbolic cone structures with fixed ratios for the cone angles. Define: A hyperbolic cone structure on O induces a non-complete hyperbolic structure on M. In particular it has a holonomy representation π 1 (M) → P SL 2 (C). The variety of representations Hom(π 1 (M), P SL 2 (C)) is an affine algebraic set, possibly reducible. The group P SL 2 (C) acts on Hom(π 1 (M), P SL 2 (C)) by conjugation, and we are interested in the quotient. The topological quotient is not Hausdorff, and one therefore considers the algebraic quotient
which is again an affine algebraic set. Note that the irreducible representations form a Zariski open subset of Hom(π 1 (M), P SL 2 (C)). More precisely, Hom
Notice that the holonomy representation ρ 0 of the (metrically) complete hyperbolic structure on M is irreducible.
The polynomial functions on X(M) one-to-one correspond to the polynomial functions on Hom(π 1 (M), P SL 2 (C)) invariant under the P SL 2 (C))-action. Given γ ∈ π 1 (M), we define the trace-like function τ γ : X(M) → C as the function induced by
Let µ 1 , . . . , µ q be a family of meridian curves, one for each component of Σ (1) .
Theorem 4.2 (Local parametrization). The map
This result is the main step in the proof of Thurston's hyperbolic Dehn filling theorem (see [BoP, App. B] or [Kap] for the proof). It implies in particular the following special case of Thurston's Generalized Hyperbolic Dehn Filling Theorem.
where ε > 0 is sufficiently small. The composition τ −1 µ • γ gives a path of conjugacy classes of representations. It can be lifted to a path t → ρ t , because there are slices to the action of P SL 2 (C) on the representation variety. The representations ρ t are the holonomies of incomplete hyperbolic structures on M. By construction, the holonomies of the meridians are rotations with angles 2πt/m 1 , . . . , 2πt/m q . By a standard result, the deformation of holonomies is, locally near t = 0, induced by a deformation of hyperbolic cone structures on O with cone angles 2πt/m j .
Lemma 4.4. There exists a unique irreducible curve
Proof. For n ∈ N, we consider the Chebyshev-like polynomial p n (x) = 2 cos(n arccos(x/2)).
It has the following property:
An easy computation shows that p ′ n (2) = n, and therefore
is an algebraic curve with (2, . . . , 2) as a smooth point. We take D to be the unique irreducible component containing (2, . . . , 2). Then
Since γ is an analytic curve, it remains in D.
We define the algebraic curve C ⊂ X(M) to be the irreducible component of τ
For technical reasons, we define the following variant of J (O). Here v 0 denotes the volume of the complete hyperbolic structure on M.
there exists a hyperbolic cone structure on O with cone angles
Note that [0, ε) ⊂ J 0 (O) for small ε > 0 because, according to Schläfli's formula, the volume of the continuous family of cone structures with holonomies ρ t decreases. Proof. As remarked above, openness of J 0 (O) at t = 0 is a consequence of Thurston's hyperbolic Dehn filling, and we only prove openness at t > 0. Consider the path
defined for some ε > 0. By construction, the image of γ is contained in the curve D ⊂ C q of Lemma 4.4. Since τ µ : C → D is non constant, it is open, and therefore γ can be lifted to C. We can lift it further to a path
To justify this second lift, notice that the holonomy ρ t is irreducible (because the corresponding cone structure has finite volume) and therefore the P SL 2 (C)-action is locally free. By construction, ρ s (µ i ) is a rotation of angle
. Therefore the cone structure on O with holonomy ρ t can be deformed to a continuous family of cone structures on O with holonomies ρ s . By Schläfli's formula volume decreases and thus [t, t + ε) ⊂ J 0 (O) for ε > 0 sufficiently small.
A straightforward consequence of Theorem 4.5 is:
The next step in the proof is the analysis of degenerating sequences of cone structures on O, namely sequences (t n ) in J 0 (O) that converge to t ∞ ∈ J 0 (O). This analysis is carried out in Section 7, using the results of Sections 5 and 6.
Topological stability of geometric limits
In this section we discuss the change of the topological type of cone manifolds under geometric limits. More specifically, we consider a sequence of compact hyperbolic cone 3-manifolds C n with cone angles ≤ π. We suppose furthermore that the sequence (C n ) is non-collapsing, i.e. that for a uniform radius ρ > 0 the C n contain embedded smooth standard balls B ρ (x n ).
After passing to a subsequence, the pointed cone manifolds (C n , x n ) GromovHausdorff converge
by Gromov's Precompactness Theorem. Since they are uniformly thick at the base points x n , their limit C ∞ is again a hyperbolic cone 3-manifold with cone angles ≤ π, due to the Compactness Theorem for thick cone manifolds [BLP1, Theorem 3.2] We know furthermore, that the singular sets converge, Σ n → Σ ∞ , and the cone angles converge as well.
If the limit C ∞ is compact, then topological stability holds, that is, (C n , Σ n ) is homeomorphic to (C ∞ , Σ ∞ ) for sufficiently large n. In the following, we will study the situation when C ∞ is non-compact. In order to obtain topological stability, we need to impose further assumptions. The main result of this section is:
Theorem 5.1 (Stability in the noncompact limit case). Let (C n ) n∈N be a sequence of compact oriented hyperbolic cone 3-manifolds with totally-geodesic boundary and with cone angles ∈ [ω, π], ω > 0, which geometrically converges, as in (3), to a noncompact cone 3-manifold . Assume that:
1. The cone manifolds C n yield hyperbolic cone structures on the same compact small orbifold O.
There is a uniform upper volume bound vol(C
3. Either the cone angles of the C n are ≤ α < π, or they converge to the orbifold angles of O.
Then, C ∞ yields a hyperbolic cone structure on O as well.
Remark 5.2. One can show that the second assumption is implied by the first one using a straightening argument for triangulations under the developing map, cf. [Koj] for the cyclic case. However, this is irrelevant in our later applications, because there we will have a uniform volume bound by construction.
The proof occupies the entire section and will be divided into several steps.
Case of cone angles ≤ α < π
We consider now the case that the C n have cone angles ≤ α < π. Here the geometric results in [BLP1] will come to bear.
Geometric finiteness of the limit
The uniform upper volume bound for C n implies that the limit cone manifold has finite volume:
Since O is small, the boundary components of C n are turnovers. The lower bound on cone angles yields an upper bound on their diameters, and it follows that the boundary components of C ∞ are also turnovers. Since the cone angles of C ∞ are bounded away from π, finite volume implies geometric finiteness, i.e. C ∞ has finitely many ends and all ends are cusps. Here, we apply the Finiteness Theorem 3.17.
In each cusp C i ⊂ C ∞ we fix a horospherical cross section H i far out in the thin part, along which we truncate C i . Denote by N ∞ the resulting compact core of C ∞ . The H i are Euclidean tori or turnovers. By geometric convergence, for sufficiently large n, there are (1 + ε n )-bilipschitz embeddings f n : N ∞ ֒→ C n , ε n → 0, and we can arrange that H i,n := f n (H i ) is a leaf of the canonical locallyhomogeneous foliation of the thin part of C n .
Hyperbolizing the smooth part
We denote by Y the manifold obtained from
∞ by truncating the singular cusps along horospherical turnovers. Here, we remove open singular cusps. The boundary of Y is a union of thrice-punctured spheres because, due to our assumption on cone angles, the cross sections of singular cusps are turnovers. Proof. We first deal with the (easy) case that Y has empty boundary. This happens if and only if C ∞ has no singular vertices, no singular cusps and empty boundary. There is nothing to show if C ∞ has no singular locus. If there is a singular locus, one can perturb the hyperbolic metric on the smooth part to a complete Riemannian metric with upper negative curvature bound and finite volume. Since Y is Haken, it follows from Thurstons Uniformisation Theorem that Y admits a complete hyperbolic metric of finite volume.
We assume from now on that ∂Y = ∅. Let Y be a compact core of Y . The boundary ∂Y is the union of compact pairs of pants (which are a compact core of ∂Y ) together with a collection P ⊂ ∂Y of tori and annuli, corresponding to the boundary of a neighborhood of edges and circles in Σ ∞ and to cross sections of smooth cusps. We prove that (Y , P ) is a pared manifold (see Lemma 2.6 for the definition). Then Proposition 5.3 follows from Thurston's hyperbolization theorem for Haken pared 3-manifolds.
The argument will involve several steps. Part of the information on the topology of Y we obtain from putting a weak geometric structure, part of it we deduce from the fact that C ∞ arises as a limit of cone manifold structures on small orbifolds.
Step 1: Y is homotopically atoroidal. We showed in Proposition 3.21 that Y admits a non-positively curved metric, possibly singular, which is negatively curved away from the boundary tori. Consider a π 1 -injective map τ : T ֒→ Y of a 2-torus. The group π 1 (T ) ∼ = Z 2 acts discretely on Y and hence it preserves a 2-flat. This 2-flat covers a boundary torus and it follows that τ can be homotoped to a boundary torus.
Step 2: Y is irreducible. Let S ⊂ Y be an embedded 2-sphere. Y and N ∞ are canonically homotopy equivalent, and we may assume that S is contained in Y ∩ N ∞ . The sphere f n (S) bounds a smooth ball B n in C n (for n large). We are done, if B n ⊂ f n (N ∞ ) for some n. Otherwise, each B n contains a smooth cross section H i,n . After passing to a subsequence, we may assume that B n contains H i 0 ,n for a fixed i 0 . This is absurd because H i 0 has non-trivial holonomy, and so has H i 0 ,n for large n.
Step 3: P is incompressible. Each component P i ⊂ P corresponds to either cross sections of smooth cusps or tubular neigborhoods of singular edges and circles of the cone manifold C ∞ . Hence the holonomy of primitive elements of π 1 (P i ) is non trivial.
Step 4: The pair (Y , P ) is anannular. Let (A, ∂A) ⊂ (Y , P ) be an essential annulus; we distinguish three cases according to whether ∂A is contained in a) torus components of P , b) annulus components of P , or c) a torus and an annulus of P . In the first case a classical argument using the atoroidality of Y implies that Y would be Seifert fibered [BS1, Lemma 7] , contradicting Step 1. In case b), the annulus A gives rise to an embedded 2-sphere with two cone points in C ∞ and hence (via geometric convergence (3)) in O. Such 2-sphere bounds an embedded ball with a singular axis because O is small. It follows that A is parallel to a component of P . Case c) reduces to case b), as in the proof of Lemma 2.6. 5.1.3 Controlling the geometry of the approaching cone manifolds globally.
The Gromov-Hausdorff convergence (3) gives us uniform control on the geometry of all C n a priori only on the portions f n (N ∞ ). Taking into account the structure of the thin part of cone manifolds and using the smallness of O, we will be able to also describe the geometry of the complements C n − f n (N ∞ ) and see that it is very restricted.
Lemma 5.4. Each component of C n − f n (N ∞ ) belongs to the thin part of C n , and it is either
• a singular ball,
• a singular neck containing a turnover ⊆ ∂C n ,
• or a (singular or smooth) solid torus.
Remark 5.5. A singular cusp cannot occur because we assume the C n to be compact.
Proof.
If H i is a turnover, then H i,n is an umbilic turnover. We go through the three possible cases: If H i,n is spherical, then it bounds a singular ball in C n . H i,n cannot be horospherical because C n is compact. If H i,n is hyperspherical, then there is an umbilic tube bounded by H i,n and a totally geodesic turnover in ∂C n . Here we use that O is small. If H i is a torus, then H i,n ⊂ C n is an almost horospherical torus. It cannot be precisely horospherical, again because C n is compact. Hence H i,n bounds a (smooth or singular) solid torus V i,n ⊂ C n .
If H i is a torus, denote by λ i,n ⊂ H i,n a geodesic which is a meridian of (i.e. compresses in) the solid torus V i,n bounded by H i,n . Furthermore, denote byλ i,n ⊂ H i a geodesic such that f n (λ i,n ) is homotopic to λ i,n . The lengths ofλ i,n and λ i,n are comparable in terms of the bilipschitz constant of f n Lemma 5.6. For all i, we have lim n→∞ length(λ i,n ) = ∞.
Proof. The radii of the solid tori V i,n tend to ∞ as n → ∞. Using the lower bound on cone angles if V i,n is singular, the assertion follows.
Comparing the topology with the limit
Using these geometric observations, we now describe the change of topology during the transition (C ∞ , Σ ∞ ) ; (C n , Σ n ) = (|O|, Σ). We remove from the cone manifolds C n and the truncated cone manifold N ∞ disjoint small open standard balls around the singular vertices, and denote by Σ 
is done by gluing (smooth or singular) solid tori to the boundary tori of N ∞ (i.e. to the smooth H i ).
Correspondingly, the transition
between the smooth parts is done by gluing (smooth) solid tori to some of the boundary tori and removing the remaining boundary tori. Every smooth cups of C ∞ corresponds to a smooth boundary torus of N ∞ . According to Lemma 5.6, we may pass to a subsequence such that the Dehn fillings at every such torus (by smooth or singular solid tori) are pairwise different.
We distinguish three cases: Case 1: Infinitely many Dehn fillings by smooth solid tori. We look at the smooth parts. Then by Proposition 5.3 we are in the situation that infinitely many Dehn filings at the same finite volume hyperbolic manifold produce homeomorphic manifolds. This contradicts Thurston's hyperbolic Dehn filling theorem.
Case 2: C ∞ has smooth cusps and all Dehn fillings use singular solid tori. Let
∞ ) − Σ ∞ and let X n := f n (X ∞ ) be its image under the bilipschitz embedding f n . By our description of (5), f n | X∞ may be isotoped to an embedding
n ) − Σ n such that the image is the complement of a union of open tubular neighborhoods of singular circles. We use our assumption that the cone manifolds C n have the same topological type as the orbifold O, and regard the f ′ n as embeddings
onto complements of disjoint unions of singular solid tori. The ι n are homotopy equivalences. Note that X ∞ is homotopy equivalent to a complete hyperbolic manifold with finite volume and totally-geodesic boundary follows, without using Proposition 5.3, directly from the original assumption that M is hyperbolic. We consider the self homotopy equivalences
n denotes a homotopy inverse for ι n . After passing to a subsequence, we may assume that the ι −1 n • ι 1 preserve the toral boundary components. Lemma 5.6 implies that the induced self homotopy equivalences of each boundary torus are pairwise distinct. On the other hand, by Mostow Rigidity, there are up to homotopy only finitely many self homotopy equivalences of X ∞ , and we obtain a contradiction.
Case 3: C ∞ has no smooth cusp. In this situation, (4) says that C ∞ and C n have the same topological type. This finishes the proof of Theorem 5.1 when cone angles are bounded above away from π.
Case when cone angles approach the orbifold angles
In this case C ∞ is a hyperbolic orbifold that has a thin-thick decomposition, by the hypothesis about the cone angles and the bound on the volume. Let N ∞ be a compact core of C ∞ obtained by truncating its cusps along horospherical cross sections H i . The H i are now smooth tori, pillows or turnovers. By geometric convergence, for n large enough, we have (1 + ε n )-bi-Lipschitz embeddings
with ε n → 0. Since C n is a cone structure on O, we view the image f n (N ∞ ) ⊂ C n as a suborbifold of O, which we denote by N n ⊂ O. As a 3-orbifold, N n is homeomorphic to N ∞ .
Lemma 5.7. For n sufficiently large, each component of
Proof. We assume that O − int(N n ) contains a spherical 2-suborbifold F 2 which is essential. Since O is irreducible, F 2 bounds a discal 3-orbifold ∆ 3 , which contains N n , for n sufficiently large. Let ρ n denote the holonomy representation of C n . We have that ρ n • f n * fixes a point of H 3 , because f n (N ∞ ) is contained in a discal 3-orbifold. This is impossible, because ρ n • f n * converges to the holonomy representation of N ∞ , which cannot fix a point of H 3 .
From smallness of O and the previous lemma we obtain:
either a finite quotient of a solid torus (i.e. a solid torus or a solid pillow, possibly singular) or a singular neck containing a Euclidean turnover in ∂O.
According to this corollary, if all the horosopherical sections H i are turnovers then N ∞ ∼ = O and C ∞ is a cone structure on O.
Now we assume that some of the horospherical sections H 1 , . . . , H p are tori or pillows and we look for a contradiction. For i = 1, . . . , p, let λ i,n be an essential curve on H i so that f n (λ i,n ) bounds a finite quotient of a solid torus component of O − int(N n ). First we prove the analog of Lemma 5.6.
Lemma 5.9. For each i, lim
Proof. Suppose that the lemma is false. Then, by passing to a subsequence and changing the indices of the H i , we can assume that the curves λ 1,n represent a fixed class λ 1 ∈ π 1 (H 1 ) independent of n. Let ρ n and ρ ∞ denote the holonomy representation of C n and C ∞ , respectively. Since the curves f n (λ 1 ) are compressible in O, their holonomies ρ n (f n (λ 1 )) are either trivial or elliptic with an angle that does not converge to zero. The holonomy ρ ∞ (λ 1 ) is non-trivial and parabolic. Thus we obtain a contradiction because ρ ∞ (λ 1 ) is the limit of ρ n (f n (λ 1 )).
According to this lemma, Dehn fillings on the hyperbolic orbifold N ∞ along infinitely many different meridian curves produce always the same orbifold O. This contradicts the hyperbolic Dehn filling theorem for orbifolds [DuM] (cf. [BoP, App. B] ) because the results of surgery along those curves can be distinguished either by an estimate of the volume (obtained from Schläfli's formula) or the length of the shortest geodesics.
The fibration theorem
Throughout this section, O denotes a closed orientable small 3-orbifold O and C a cone metric on O of constant curvature in [−1, 0] and with cone angles less than or equal to the orbifold angles of O. Since we assume that C is a metric on O, the pairs (|O|, Σ O ) and (|C|, Σ C ) are homeomorphic, and in particular C is closed. The main result of this section is: Theorem 6.1 (Fibration). For ω > 0 there exists δ > 0 such that, if C has ω-thick links, diam(C) ≥ 1 and C is δ-thin, then O is Seifert fibered.
Local Euclidean structures
The local geometry of thin cone manifolds is modelled on non-compact Euclidean cone manifolds, cf. [ChG, part 2, Proposition 3.4] in the case of manifolds.
Lemma 6.2. For every ε > 0 and D > 1, there exists δ 0 = δ 0 (ε, D, ω) > 0 such that, if δ < δ 0 , then each x ∈ C has a neighborhood U x ⊂ C, and a (1 + ε)-bi-Lipschitz homeomorphism
where N νx (S) is the normal cone fiber bundle, of radius ν x ∈ (0, 1) depending on x, of the soul S of a non-compact Euclidean cone 3-manifold. In addition dim S = 1 or 2, and
Proof. Assume that the assertion were false. Then there exist ε > 0, D > 1 and a sequence of cone manifolds C n with diameter ≥ 1, curvature in [−1, 0] and ω-thick links such that C n is 1 n -thin, and there exist points x n ∈ C n for which the conclusion of the lemma does not hold.
The fact that C n is 1 n -thin and has ω-thick links implies that also the radii of embedded singular standard balls in C n are ≤ r n → 0. Let λ n > 0 be the supremum of all radii r such that B r (x n ) is contained in a (smooth or singular) standard ball. We have that λ n → 0. The sequence of rescaled manifolds ( 1 λn C n , x n ) with base points subconverges to a limit space (E, x ∞ ). Observe that, due to Lemma 3.10, the balls B 1 (x n ) ⊂ 1 λn C n are uniformly thick. It follows with the Compactness Theorem 3.13 that E is a 3-dimensional Euclidean cone manifold.
E is not compact, and we can apply the classification of noncompact Euclidean cone 3-manifolds with cone angles ≤ π, cf. [BLP1, section 4]. E is not a complete cone because balls around x ∞ with radii > 1 are not contained in a standard ball. Hence the soul S of E has dimension 1 or 2. Let N ⊂ E be a tubular neighborhood around S with radius ρ > D · diam(S ∪ {x ∞ }). We use now that the convergence is bilipschitz. For suffiently large n, there exists a (1 + ε)-bilipschitz embedding (N, x ∞ ) ֒→ ( 1 λn C n , x n ), and hence (λ n N, x ∞ ) ֒→ (C n , x n ). Hence x n satisfies the conclusion of the lemma with ν xn = λ n ρ → 0, a contradiction.
We apply this lemma to each point of C with some constants D > 1, ε > 0 to be specified later. Consider the thickening
of the soul of U x where 0 < λ < 1 D . We will also view W x as a suborbifold of O. The local models E have 1-or 2-dimensional soul and therefore belong to the following list, cf. [BLP1, §4]: -When S is 2-dimensional and orientable, then E is isometric to the product S × R. The possible 2-dimensional cone manifolds S are a torus T 2 , a pillow S 2 (π, π, π, π) and a turnover S 2 (α, β, γ), with α + β + γ = 2π.
-When S is 2-dimensional but non-orientable (possibly with mirror boundary), then E =S × R/τ , whereS is the orientable double covering of S and τ is an involution that preserves the product structure and reverses the orientation of each factor. E is a twisted line bundle over S.
-When dim(S) = 1, then either S = S 1 or S is an interval with mirror boundary (a quotient of S 1 ). In the former case, E is either a solid torus or a singular solid torus. In the latter, E is either a solid pillow or a singular solid pillow.
Not all of these possibilities can occur: W x contains no turnover, because O is small and singular vertices of C have thick links (i.e. the addition of cone angles of edges adjacent to a singular vertex is > 2π + ω ′ ). 
Proof. The main point is to prove that O − int(W x ) is irreducible. For this we have to show that W x is not contained in a discal suborbifold. Since the pairs (O, W x ) and (O,Ū x ) are homeomorphic, this amounts to showing that U x is not contained in a discal suborbifold, and we can use the metric properties of U x .
If U x contains a singular vertex, this vertex and at least one singular edge lie in the soul. Hence U x contains an entire singular edge or loop and therefore cannot be included in a diskal suborbifold.
Suppose now that O is of cyclic type, U x meets the singularity and is contained in the diskal suborbifold ∆. Topologically, ∆ is a singular ball with one axis a. Hence U x cannot contain an entire singular edge. By looking at the possible local models it follows that U x contains at least two singular segments of length > ν x whose midpoints m 1 and m 2 have distance < νx D (1+ε). By developing the smooth part of D into model space, and composing the developing map with the projection onto the axis fixed by the holonomy representation, we find a 1-Lipschitz function on D whose restriction to a is linear with slope 1. It follows that a is distance minimizing inside ∆ and hence d ∆ (m 1 , m 2 ) > ν x , a contradiction. This finishes the proof of irreducibility.
Since O − int(W x ) has boundary, all that remains to check for the Haken property is that there are no Euclidean or hyperbolic turnovers. This follows from the smallness of O.
Covering by virtually abelian subsets
In this section, we study general properties of coverings by virtually abelian subsets. The arguments in this section closely follow [Gr1] and [BoP] .
We assign a special role to one of the subsets W x along which we will cut O lateron. Namely, we choose x 0 ∈ C as follows: If O has singular vertices, we require that W x 0 contains a singular vertex and that its radius ν x 0 is almost maximal:
If O is cyclic, we make an analogous choice for W x 0 among all W x that intersect the singular locus. We denote
In view of Lemma 6.5, O 0 is Haken.
Definition 6.6. We say that a subset S ⊂ O is virtually abelian in O 0 if, for each connected component Z of S ∩ O 0 , the image of π 1 (Z) → π 1 (O 0 ) in the fundamental group of the corresponding component of O 0 is virtually abelian. Moreover, for x ∈ C we define:
Proof. We may assume that r(x) ≤ r(y), and moreover r(x) = 1 8
va(x) < 1. By the triangle inequality we have
This shows part (a). Part (b) follows because 2r(x) + r(y) < 4r(y). We proceed to construct coverings of C. We have already distinguished a point x 0 ∈ W 0 . Consider sequences {x 0 , x 1 , . . . } starting with x 0 , such that:
A sequence satisfying (7) is finite, by Lemma 6.7 and compactness of C.
Lemma 6.9. If the sequence {x 0 , x 1 , . . . , x p } is maximal for property (7), then the balls B2
Proof. Let x ∈ C be an arbutrary point. By maximality, there exists a point x j such that B1
r(x j ) (x j ) = ∅. By Lemma 6.7 we have r(x) ≤ 4 3 r(x j ) and
r(x j ). Thus x ∈ B2 3 r(x j ) (x j ).
We fix now a sequence x 0 , x 1 , . . . , x p maximal for property (7) and consider the covering of C by the open sets
• V 0 = B r(x 0 ) (x 0 ) and
Lemmas 6.8 and 6.9 imply that the open sets V 0 , . . . , V p cover C. We denote r i := r(x i ) and B i := B r(x i ) (x i ).
Lemma 6.10. There is an a universal bound N on the number of balls B i that can intersect a fixed ball B k .
Proof. For every ball
On the other hand, the points x i are separated from each other, since d(
Since r k ≤ 1 it follows that there is a uniform bound on the number of points x i .
In particular, the dimension of our covering is universally bounded by N. We want to decrease the dimension of the covering {V 0 , . . . , V p } while keeping the properties that the covering sets are virtually abelian and only one of them meets W 0 .
Using a partition of unity (φ i ) subordinate to (V i ) one can construct a map
to the nerve K of the covering. K is a simplicial complex of dimension ≤ N and it carries a natural Euclidean metric. We start by controlling the Lipschitz constant of the map f .
Lemma 6.11. There exists a constant L > 0 such that the partition of unity can be chosen so that φ k is
We first need the following geometric property of our covering:
The assertion is trivial if B k and B 0 are disjoint. We assume therefore also that B k ∩ B 0 = ∅. Then by Lemma 6.8:
Proof of Lemma 6.11. Let τ : [0, 1] → [0, 1] be an auxiliary 4-Lipschitz function which vanishes in a neighborhood of 0 and satisfies τ | [ 1 3
,1] ≡ 1. We put ψ k := τ ( 
We now homotope f into the 3-skeleton K (3) by an inductive procedure while controlling the local Lipschitz constant.
that the following is true:
Suppose that g :
-Lipschitz on V k and has the property that the inverse image of the open star of the vertex
Proof. It suffices to find a constant θ > 0 such that every d-dimensional simplex σ ⊂ K contains a point z at distance ≥ θ from both ∂σ and the image of g. To push g into the (d − 1)-skeleton we compose it on σ with the central projection from z. This will increase the Lipschitz constant by a factor bounded in terms of d, and it reduces the inverse images of open stars of vertices. If θ does not satisfy the desired property for some d-simplex σ, then image(g) ∩ int(σ) must contain a subset of at least C(d) · 1 θ d points with pairwise distances ≥ θ. Let A ⊂ C be a set of inverse images, one for each point. Let v V k be a vertex of σ.
3 yields a positive lower bound θ 0 (d, L) for θ. Hence any constant θ < θ 0 has the desired property.
Lemma 6.14. For sufficiently small ε > 0 there exists a constant C = C(ε) > 0 such that
for all i.
Proof. We first show that W 0 does not enter to far into the other sets U x i .
Sublemma 6.15. There exists a constant
Proof. Using Lemma 6.8, we obtain:
For the last estimate, we use that va(x 0 ) ≥ 1 1+ε
We now assume that W 0 intersects U x i because otherwise there is nothing to show. If W 0 ⊂ U x i then, according to our choice of W 0 , we can compare the radii ν x 0 and ν x i by ν x 0 ≥ 1 1+ε ν x i , and the assertion holds with c < (8(1 + ε) ) −2 .
We are left with the case that W 0 ⊂ U x i but intersects the ball of radius, say,
around x i . Then we can bound the ratio
from below by:
Combining these estimates, we obtain a lower bound for
The sublemma implies that r i ≥ cν x i . By Bishop-Gromov inequality,
for some uniform c 1 > 0, where v k (r) denotes the volume of the ball of radius r in the space of constant curvature k. Using the geometry of the local models, it follows that
Now we can further homotope f into the 2-skeleton. 
Proof. The inverse image under f of the open star of v V k is contained in V k . Using Lemma 6.13 repeatedly, we can homotope f to a mapf : C → K (3) which is locally Lipschitz and satisfiesf
It suffices to show that no 3-simplex σ ⊂ K is contained in the image off. The inverse imagef −1 (int(σ)) lies in the intersection of sets V j where v V j runs through the vertices of σ. Let V k be one of these. With Lemma 6.14 it follows that
Note that f maps W 0 to the vertex v V 0 because W 0 intersects none of the sets V j with j = 0. The proposition therefore implies the following properties which will be crucial below.
Vanishing of simplicial volume
O 0 is Haken and therefore has a JSJ-splitting into Seifert and hyperbolic suborbifolds. Proof. Since the orbifold O 0 is Haken, it is very good and there is a finite covering
by a manifold. ∂N is a union of tori. The JSJ splitting of O 0 pulls back to the JSJ splitting of N. We have to show that no hyperbolic components occur in the JSJ splitting of N. We may assume that the boundary of N is incompressible because otherwise N is a solid torus and the assertion holds. We construct a closed manifoldN by Dehn filling on N as follows. Let Y ⊂ N be a component of the JSJ splitting which meets the boundary, Y ∩ ∂N = ∅. If Y is hyperbolic we choose, using the Hyperbolic Dehn Filling Theorem, the Dehn fillings at the tori of Y ∩ ∂N such that the resulting manifoldȲ remains hyperbolic. If Y is Seifert, we fill such thatȲ is Seifert and the components of ∂Y − ∂N remain incompressible. This can be done because the base of the Seifert fibration of Y is neither an annulus nor a disk with zero or one cone point. The manifoldN has a JSJ splitting along the same tori as N and with the same number of hyperbolic (and also Seifert) components.
It suffices to show thatN has zero simplicial volume, because then [Gr1, §3.5] and [Kue] imply thatN contains no hyperbolic component in its JSJ splitting. To this purpose we will apply Gromov's vanishing theorem, see [Gr1, §3.1], [Iva] .
We composef with the projection p and extend the resulting map
by sending the filling solid tori to the vertex v V 0 . Note that h is continuous becausẽ f (∂O 0 ) = {v V 0 }. The inverse images under h of open stars of vertices are virtually abelian as subsets ofN . These subsets yield an open covering ofN with covering dimension ≤ 2. By Gromov's theorem, the simplicial volume ofN vanishes.
Conclusion of the proof of Theorem 6.1. Since O 0 is graphed and O results from O 0 by gluing in a Seifert orbifold it follows that O is graphed. Since O is moreover atoroidal, it must be Seifert.
Degeneration of hyperbolic cone structures
We return to the discussion of deforming hyperbolic cone structures on O while keeping the ratios of the cone angles fixed. We will now study the case of degeneration. By the results 7.2 and 7.5 of this section we reduce the proof of the Orbifold Theorem to the situation that O admits a Euclidean cone structure with cone angles strictly less than the orbifold angles.
Degeneration implies collapse
We use the notation of Section 4. Let (t n ) be a sequence in J 0 (O). Let C(t n ) be a hyperbolic cone structure on O corresponding to t n ∈ J 0 (O), with the properties as in (2).
Definition 7.1. We say that a sequence (C n ) n∈N of cone 3-manifolds collapses if, for every ρ > 0, only finitely many C n contain a smooth standard ball with radius ρ.
Proof. Assume that (C(t n )) does not collapse. Then up to passing to a subsequence, the cone manifolds C(t n ) are uniformly thick, i.e. for some ρ > 0 they contain a smooth standard ball with radius ρ. According to Theorem 3.13, C(t n ) subconverges to a hyperbolic cone manifold C ∞ . By definition of J 0 (O), the volume of C(t n ) is uniformly bounded above, and so vol(C ∞ ) < ∞.
Moreover, if t ∞ < 1, the cone angles of C(t n ) are all bounded away π, and if t ∞ = 1, then they converge to the orbifold angles of O. Therefore we can apply Theorem 5.1 and obtain that C ∞ is a hyperbolic cone structure on O as well. It follows that t ∞ ∈ J 0 (O).
Analysis of collapse
We consider now the situation when the sequence (C(t n )) collapses. We treat the cases with and without boundary separately.
The case with boundary is handled by the following geometric fibration result. Proof. Since the sequence (C(t n )) collapses, for n sufficiently large, Corollary. 5.13 of [BLP1] applies to C(t n ). In particular C(t n ) is a singular fibration over the cut locus of ∂C(t n ), denoted by Cut(∂C(t n )). This cut locus Cut(∂C(t n )) is a totally geodesic submanifold with boundary in Σ, and it is the quotient of a turnover by an involution. Moreover, the cone angles at edges of ∂Cut(∂C(t n )) converge to π as n → ∞. It follows that t n → 1 and O is an I-bundle over a quotient of a turnover.
Remark 7.4. A turnover has at most two involutions, and both of them reverse the orientation. The possible quotients are (a) a triangular orbifold and (b) a disc with a corner and one cone point. Figure 3 illustrates the only orientable I-bundles over such 2-orbifolds.
Now we discuss the case without boundary. Proof. We distinguish two cases, according to whether or not the sequence diam(C(t n )) goes to zero. If diam(C(t n )) > D > 0 for some uniform D, then Theorem 6.1 applies to show that O is Seifert fibered.
Otherwise, up to a subsequence, diam(C(t n )) → 0. Then we consider the sequence
of rescaled cone 3-manifolds with constant curvature k n = − diam(C(t n )) 2 ∈ [−1, 0) and diameter equal to 1. If this rescaled sequence collapses, then for n sufficiently large the Theorem 6.1 applies as above to show that O is Seifert fibered.
If the the rescaled sequence C(t n ) does not collapse, then by the pre-compactness theorem, a subsequence converges geometrically to a compact Euclidean cone 3-manifold C ∞ with diameter one. Hence C ∞ corresponds to a closed Euclidean cone structure on O. Thus either the cone angles of C ∞ are strictly less than the orbifold angles of O, or C ∞ corresponds to a Euclidean orbifold structure on O with the same branching indices as O, and so O is Euclidean.
Spherical uniformization
This section is devoted to the proof of the spherical uniformization theorem, which is the last step in the proof of the Main Theorem. Note first that a Euclidean cone structure X on O could have boundary. If ∂X is non-empty, then it consists of totally geodesic turnovers. Due to our assumptions, X has cone angles < π, and the classification of non-compact Euclidean cone manifolds, cf. [BLP1, ch. 4.2] , implies that X is the product of a Euclidean turnover with an interval. In this case O is a suspension of a spherical turnover and therefore obviously spherical.
From now on we assume that the Euclidean cone structure X on O is closed. Then X and O have the same homeomorphism type (as pairs of topological space and singular locus), and we can consider X as a Euclidean cone metric on O. Proof. The Euclidean cone structure X on O (with cone angles strictly less than the orbifold angles of O) lifts to a Euclidean cone structureX on the universal cover O.X is a Euclidean cone manifold with cone angles ≤ ω < 2π, for some constant 0 < ω < 2π. In addition, the fundamental group π 1 (O) acts isometrically onX.
If π 1 (O) is infinite, then [BLP1, Prop. 4.1] shows that π 1 (O) is virtually cyclic and thatX splits as a metric product R ×Ỹ 2 , whereỸ 2 is a closed Euclidean cone 2-manifold. Since the action of π 1 (O) preserves this product,Ỹ 2 covers a totally geodesic surface Y in X. Y is a Euclidean cone structure on a spherical turnover. This turnover is essential in O, contradicting the irreducibility.
For the proof of Theorem 8.1 we distinguish three cases which are listed in the following definition 8.4. Definition 8.3. A singular vertex of a (locally) orientable 3-orbifold is called
• dihedral if its local isotropy group is a dihedral group, and
• platonic otherwise. (Its local isotropy group then is the group of orientation preserving isometries of a platonic solid.)
Definition 8.4. A (locally) orientable 3-orbifold is called
• of cyclic type if its singular locus is not empty and has no vertex,
• of dihedral type if it has singular vertices and all vertices are dihedral.
• of platonic type if it has a platonic singular vertex.
The cyclic case relies on Hamilton's theorem, as in [BoP] . We reduce the dihedral case to the cyclic one, by using a finite covering argument. The platonic case relies on a deformation argument of spherical cone structures on O given in section 9.
The cyclic case
Suppose that O is of cyclic type.
The following lemma due to M. Feighn allows to apply geometrization results for manifolds.
Lemma 8.5 ( [Fei] ). If a closed orientable 3-orbifold of cyclic or dihedral type has finite fundamental group, then it is very good. Remark 8.6. A closed, orientable, irreducible very good 3-orbifold with finite fundamental group is small. This is a consequence of the equivariant Dehn Lemma (cf. [JR] , [MY1] ).
We lift the Euclidean cone metric to the universal covering of O, which is a compact manifold denoted by O. Thus we have a π 1 (O)-invariant Euclidean cone metric on O with cone angles < 2π. This metric can easily be desingularized to a π 1 (O)-invariant smooth Riemannian metric of non-negative sectional curvature, because the singular components are circles. By Hamilton's theorem [Ha1, Ha2] , it follows that O admits a π 1 (O)-invariant smooth metric locally modelled on S 3 , S 2 × R or R 3 . Only the spherical case is possible because π 1 (O) is finite. Thus O is spherical in the cyclic case.
The dihedral case
Suppose that O is of dihedral type.
There exists a singular edge e 0 ⊂ Σ with the following properties:
-e 0 has two different endpoints, and -the branching index of every other edge of Σ adjacent to e 0 is 2.
One can choose any edge with label > 2, and if all labels are = 2 there is always an edge with different endpoints.
The covering provided in the following result will be useful for the reduction to the cyclic case. Proof. Since O is irreducible and very good, by the equivariant sphere theorem (cf. [DD] , [JR] , [MY3] ) the universal cover O of O (which is also the universal cover of O) is an irreducible 3-manifold.
Suppose that F ⊂Ô is a spherical 2-suborbifold. Since O is irreducible, F bounds a ball quotient Q which is a cyclic 3-suborbifold. The Smith conjecture [MB] implies that Q is a discal suborbifold. (It also follows from the Orbifold Theorem in the cyclic case whose proof we already completed, respectively from its Corollary 2 in the Introduction.) HenceÔ is irreducible.
Remark 8.10. Irreducibility ofÔ also follows from the irreducibility of O by an equivariant spherical 2-orbifold theorem ( [Mai] , [TY] ), whose proof relies on PL least area techniques for 2-orbifolds that generalize the notion of PL least area surfaces introduced in [JR] . However, for completeness, we use here the fact that O is very good with finite fundamental group to give a direct argument.
To see thatÔ is small, suppose that ⊂Ô is an essential 2-suborbifold. By irreducibility, F cannot be spherical or bad and therefore has infinite fundamental group. Since π 1 (Ô) is finite, F lifts to a compressible surface in the universal covering. The equivariant Dehn Lemma implies that F has a compressing disk.
This finishes the proof of Proposition 8.7
We consider the compact 3-orbifold O 0 = O − N (Σ 0 ) obtained by removing a regular neighborhood of the singular edge e 0 . Proof. We first prove the irreducibility of O 0 . Let S ⊂ O 0 be a spherical 2-suborbifold. It bounds a discal 3-suborbifold in O, since O is irreducible. If it does not bound a discal 3-orbifold in O 0 , then a neighborhood N (e 0 ) is contained in the interior of a discal 3-suborbifold of O. This is impossible, since e 0 is a singular edge with two distinct vertices in Σ.
It is clear that O 0 does not contain any Euclidean or hyperbolic turnover, because O cannot contain such a turnover by smallness.
To see that O 0 is topologically atoroidal, suppose that T ⊂ O 0 be a non-singular torus or a pillow which is incompressible in O 0 . Since O is small, T must be compressible in O, and the compression discal 2-suborbifold must meet e 0 . Hence, by irreducibility of O, T bounds a solid pillow containing e 0 and hence is parallel to ∂O 0 . The case that T is a smooth torus cannot occur. Now we can apply Thurston's hyperbolization for Haken orbifolds, cf. [BoP, Ch. 8] . It follows that O 0 is Seifert or hyperbolic.
The Seifert case is quickly treated: O is obtained from O 0 by gluing a solid pillow P to its boundary. If the meridian of the pillow ∂O 0 is homotopic to the fiber of O 0 then the irreducibility of O implies that O 0 contains no essential annulus. It follows that O 0 is a solid pillow itself. Solid pillows admit many Seifert fibrations, and we can modify the Seifert fibration so that the fiber is not a meridian of the solid pillow P . Hence the Seifert fibration extends to O. Since a Seifert fibered 3-orbifold with finite fundamental group is spherical, O is spherical, i.e. the Orbifold Theorem holds in this case. Hence from now on we make the following:
Assumption 8.12. The orbifold O 0 admits on its interior a complete hyperbolic structure of finite volume.
We proceed now with the proof as in section §4 by starting to increase the cone angle along the singular edge e 0 and by analyzing the degenerations.
We fix some notation. Let m 0 be the ramification index of the edge e 0 . For t ∈ [0, 1], let C(t) denote a hyperbolic cone structure on O, having the same prescribed cone angles as the orbifold O along the edges and circles of Σ − e 0 and cone angle 2π m 0 t along the edge e 0 . C(0) denotes the complete hyperbolic structure of finite volume on the interior of O 0 .
In order to study the deformations of the hyperbolic cone structure C(t) while increasing t, we consider the variety of representations Hom(π 1 (O 0 ), P SL 2 (C)) and the variety of characters X(O 0 ). As in Theorem 4.2, the (square of the) trace of the meridian around e 0 is a local parameter for X(O 0 ) near the complete structure, cf. [BoP, Theorem B.2.7] . Hence the irreducible component C of X(O 0 ), that contains the holonomy of O, is a curve.
As in section 4, we define
there exists a hyperbolic cone structure on O with cone angle Lemma 8.13. For any sequence (t n ) in I(O) with t n → t ∞ , the sequence of cone manifolds (C(t n )) n∈N collapses.
Proof. Assume that C(t n ) does not collapse. After choosing base points x n in the thick parts of C(t n ) and passing to a subsequence, (C(t n ), x n ) converges geometrically to a pointed hyperbolic cone 3-manifold (C ∞ , x ∞ ) with finite volume. C ∞ cannot be compact because t ∞ ∈ I(O).
We use the finite cover p :Ô → O of Proposition 8.7. and denote byĈ(t) = p −1 (C(t)) the lifted hyperbolic cone structure onÔ. TheĈ(t n ) converge to a finite regular coveringĈ ∞ of C ∞ . Since all cone angles of eachĈ(t n ) are equal, the Stability Theorem 5.1 applies andĈ ∞ is a hyperbolic cone structure onÔ. NowĈ ∞ is not compact, and its ends are singular cusps which correspond to singular vertices ofÔ. ButÔ is of cyclic type, contradiction.
Let (t n ) be a sequence as above. We distinguish two cases according to whether the sequence diam(C(t n )) is bounded below away from zero or not.
If diam(C(t n )) ≥ D > 0 for some uniform D, then the fibration theorem implies that O is a Seifert fibered 3-orbifold. Since π 1 (O) is finite, it follows that O is spherical.
Otherwise, up to taking a subsequence, we can assume that diam(C(t n )) → 0. Then we consider the rescaled sequence
C(t n ). If this rescaled sequence collapses, then the fibration theorem still implies that O is Seifert fibered, and hence spherical.
If the rescaled sequence does not collapse, then a subsequence converges to a closed Euclidean cone manifold C(t ∞ ) homeomorphic to O. We have t ∞ < 1, because π 1 (O) is finite. C(t ∞ ) lifts to a π 1 (O)-invariant Euclidean cone metric on the universal coveringÕ with singular locus a link and cone angle t ∞ 2π < 2π. We conclude as in the cyclic case that O is spherical.
The platonic case
Suppose that O is of platonic type. The proof of Theorem 8.1 in this case is by induction on the number of platonic vertices in the branching locus.
At each platonic vertex we have one singular edge with label 2 and two edges with label 3, 4 or 5. We fix a singular edge e of O with label n e > 2 such that at least one of its adjacent vertices is platonic.
Let O ′ be the orbifold obtained from O by replacing the branching index n e of e by 2. We want to apply the induction hypothesis to O ′ , because it has less platonic vertices than O. To do it, we need the following lemma:
Proof. O and hence also O ′ are closed by assumption. The lemma follows from the fact that, for closed orbifolds, smallness is a property independent of the labels of the branching locus.
Notice that O ′ has orbifold angles greater than or equal to those of O because one label has decreased. Thus the Euclidean cone structure on O given in the hypothesis of Theorem 8.1, when viewed on O ′ still has cone angles strictly less than the orbifold angles. It follows from the induction hypothesis that O ′ is spherical.
The induction step, and hence the conclusion of the proof of Theorem 8.1, is due to the following result which we will prove in section 9.3. Proposition 8.15. The spherical structure on O ′ can be deformed, through a continuous family of spherical cone metrics, to a spherical structure on O.
Deformations of spherical cone structures
This section is devoted to prove Proposition 8.15. Some preliminaries on varieties of representations are required.
The variety of representations in SU (2)
Let Γ be a finitely generated group. The variety of representations Hom(Γ, SU (2)) is compact. The group SU(2) acts on Hom(Γ, SU(2)) by conjugation, and the quotient X(Γ, SU(2)) = Hom(Γ, SU(2))/SU(2).
is also compact, but in general not algebraic.
The variety of characters. The action by conjugation of SL(2, C) on the variety of representations Hom(Γ, SL(2, C)) is algebraic. The quotient X(Γ, SL(2, C)) = Hom(Γ, SL(2, C))//SL(2, C). of this action provided by invariant theory carries a natural structure as an affine algebraic subset of C N defined over Q [MoS] , points can be interpreted as characters of representations Γ → SL(2, C). The conjugacy class of a representation Γ → SU(2) is determined by its character, and we have a natural inclusion X(Γ, SU(2)) ⊆ X(Γ, SL(2, C)).
Trace functions. For γ ∈ Γ, the trace function
induces an algebraic function
The ambient space C N . The embedding of X(Γ, SL(2, C)) into C N is realized by taking as coordinates the functions I γ , where γ runs through the words of length at most three in the generators of Γ [GM] .
Since traces of matrices in SU(2) are real, we have the embedding
of X(Γ, SU(2)) into a real algebraic variety. One can show that X(Γ, SL 2 (C))∩R N = X(Γ, SU(2)) ∪ X(Γ, SL 2 (R)) [MoS] . The following lemma implies that X(Γ, SU (2)) is locally R-algebraic at characters of non-abelian representations. 
9.2 Lifts of holonomy representations to SU (2) × SU (2) and spin structures
We recall that an element (A, B) ∈ SU(2) × SU(2) ∼ = Spin(4) acts on SU(2) ∼ = S 3 by x → AxB −1 .
In particular, the kernel of the action is the order two subgroup {±(Id, Id)}. The following lemma is classical:
Lemma 9.2. The element (A, B) ∈ SU(2)×SU(2) acts on SU(2) ∼ = S 3 as a rotation (i.e. has fixed points) iff trace(A) = trace(B). Trace and rotation angle are related by
One can view SO(4) as the frame bundle on S 3 = SO(4)/SO(3). The unique spin structure on S 3 is given by the canonical projection Spin(4) → SO(4). Given a spherical manifold N, not necessarily complete, with holonomy representation ρ : π 1 (N) → SO(4), the spin structures on N correspond to lifts of ρ to a representation into Spin(4). (The lift can be obtained from a spin structure by developing it, using the natural connection, onto Spin(4) and taking its holonomy.) Let p i : SU(2) × SU(2) → SU(2) denote the projection to the i-th factor, for i = 1, 2. Proof. Assume for instance that p 1 • φ is abelian. This means that the image of p 1 • φ is contained in a diagonalizable subgroup ∼ = S 1 . Therefore φ preserves the corresponding Hopf fibration on S 3 . It follows easily from this that Σ is a link and M is Seifert fibered (cf. [Po2, Lemma 9 .1]).
Let µ 1 , . . . µ q be meridians for the singular edges and circles in Σ.
Theorem 9.4 (Local parametrization). Let O be a spherical orbifold such that This theorem is an infinitesimal rigidity result for spherical orbifolds, and its proof is postponed to the last subsection 9.4. It will be obtained from a cohomology computation, using the fact that spherical orbifolds are finitely covered by S 3 .
Deformation space of spherical structures
The aim of this section is to prove Proposition 8.15. We adopt the notation of section 8.3. Let µ e denote the meridian of the edge e. We recall that X(M, SU (2)) is contained in the real algebraic set V = X(M, SL 2 (C)) ∩ R N , cf. (9). Let φ 0 be the lift to SU(2) × SU(2) of the holonomy representation of O ′ corresponding to the choice of spin structure on M. Its conjugacy class [φ 0 ] is contained in
According to Theorem 9.4, X(M, SU(2) × SU(2)) is locally bianalytic to R 2q at [φ 0 ] and, due to Lemma 9.1, is a neighborhood of
Let p 1 : SU(2)×SU(2) → SU(2) denote the projection to the first factor. Consider the algebraic subset
By Lemma 9.2, these equations are the algebraic conditions for a representation of π 1 (M) in SU(2)×SU(2) to be the lift of a representation in SO(4) with the properties:
-the images of the meridians are rotations;
-the rotation angles of all meridians are fixed except for the meridian µ e of the edge e.
Let W 0 be the irreducible component of W containing [φ 0 ]. By Theorem 9.4, W 0 is a real algebraic curve and I µe • p 1 restricted to W 0 is a smooth local parameter.
A neighborhood of [φ 0 ] in W 0 can be lifted to a curve of representations π 1 (M) → SU(2) × SU(2) which are lifts of holonomies of spherical cone structures on O ′ . The fact that the trace I µe • p 1 is a smooth local parameter on W 0 near [φ 0 ] implies that the cone angle at e is a (continuous) local parameter for the family of spherical cone structures near the orbifold structure. It takes values in a neighborhood of π.
We take S ± to be the connected component of the semi-algebraic set
. One of these two sets, say S + , contains representations arising from cone metrics with cone angle < π at e. , π].
Proof. Let A be the subset of representations in S + that are such lifts. By our previous discussion, A contains a neighborhood of the endpoint [φ 0 ] of S + .
Openness of A. Lemmas 9.1 and 9.3 imply that perturbations of representations in A still take values in SU(2) × SU(2). Moreover, perturbations of holonomy representations are induced by perturbations of cone structures.
Closedness of A. Consider a sequence of points [φ
For n ∈ N, let C n be the spherical cone manifold with holonomy lift φ n . The C n are Alexandrov spaces with curvature ≥ 1 and therefore have diameter ≤ π. Hence if the sequence (C n ) n∈N does not collapse then, up to a subsequence, it geometrically converges to a spherical cone manifold C ∞ with the same topological type and holonomy lift φ ∞ . Thus [φ ∞ ] ∈ A in this case.
Assume now that the sequence (C n ) collapses. In the spherical case, this is equivalent to vol(C n ) → 0. Denote by α n the cone angle of e for the cone structure C n . We may assume that (α n ) converges and distinguish two cases.
Case 1: α n → π. We will apply Schläfli's formula, relying on the algebraic structure of our deformation space. S + is contained in the algebraic curve W 0 . Hence, after passing to a subsequence, we may assume that the [φ n ] lie on an analytic path with endpoint [φ ∞ ]. Since the trace I µe • p 1 is a non-constant analytic function, it is monotonic on this path. So the cone angle at e is monotonically increasing towards π. Schläfli's formula then implies that the volume of the cone structure increases, as we approach [φ ∞ ]. This contradicts collapse.
Case 2: α n → α ∞ < π. Since at least one of the singular vertices in O adjacent to e is platonic each C n has at least one vertex with two cone angles uniformly bounded away from π. Since (C n ) collapses by assumption, the thick vertex lemma 3.15 implies that diam(C n ) → 0. Now we rescale C n by the (inverse of the) diameter. Applying the thick vertex lemma again, the rescaled sequence converges to a compact Euclidean cone manifold, which is a Euclidean structure on O with cone angles greater than or equal to the orbifold angles of O. Sublemma 9.6. This Euclidean cone structure on O has curvature ≤ 0 in the orbifold sense (i.e. it is locally the quotient of a CAT(0) space by a finite group of isometries).
Proof. By Gromov's criterion [Bal] , all we have to check is that the link of each point is CAT(1) in the orbifold sense (i.e. a quotient of a CAT(1) space by the isotropy group). The links are quotients of the unit sphere except at the points of e. The CAT(1) property for the links of interior points of e is clear because the cone angle is greater than or equal to the orbifold angle. It is clear for the same reason at a dihedral endpoint of e. (There may be at most one.) At platonic endpoints of e it follows from Proposition 3.19 if e has different endpoints, and from its addendum if e is a loop.
It follows from the sublemma and Haefliger's version of the Cartan-Hadamard theorem [Hae] that π 1 (O) is infinite. We obtain a contradiction, because π 1 (O) is finite by Lemma 8.2. Thus (C n ) does not collapse. This finishes the proof of Lemma 9.5.
Lemma 9.7. The map
given by the cone angle at e is surjective.
Proof. Recall that S + is a closed connected subset of the real algebraic curve W 0 . Moreover, S + is compact because it is contained in the subset of conjugacy classes of SU(2) × SU(2)-valued representations. As an algebraic curve, W 0 is homeomorphic to a graph with finitely many vertices. It follows that S + is a compact graph.
Consider the subset S + 0 := α −1 ( 2π n e , π) ⊂ S + .
The complement S + − S + 0 is finite, because the nonconstant analytic trace function has discrete level sets.
Since S + 0 is locally algebraic, Sullivan's local Euler characteristic theorem [Sul] Namely, since a spin structure has been fixed on M, the non-conjugate representations φ 0 and φ 1 correspond to non-isometric spherical structures on the orbifold O ′ .
This concludes the proof of the Lemma. Proposition 8.15 is a direct consequence of the results in this section.
Proof of the local parametrization theorem
Proof of Theorem 9.4. Let ρ = p i • φ : π 1 (M) → SU(2), for i = 1 or 2. The proof has three main steps. In
Step 1 we show that the dimension of the Zariski tangent space of X(M, SU(2)) at [ρ] equals the number of meridians. In
Step 2 we prove that [ρ] is a smooth point of X(M, SU (2)). In Step 3 we check that the differential forms {dI µ 1 , . . . , dI µq } are a basis for the cotangent space.
Step 1: Computation of the Zariski tangent space of X(M, SU(2)) at [ρ] . The Zariski tangent space is given by the cohomology group H 1 (M; Ad • ρ) where we work with coefficients in the lie algebra su(2) twisted by the adjoint representation Ad • ρ.
First compute the cohomology H * (O; Ad • ρ). Notice that Ad • ρ : π 1 (M) → Aut(su(2)) factors through π 1 (M) → π 1 (O) because we may compose the holonomy representation of the spherical structure on O (which in general does not lift to Spin(4)) with the (first or second) projection SO(4) → P SU(2) and Ad: π 1 (O) −→ SO(4) −→ P SU(2) −→ Aut(su(2))
We use simplicial homology. Let K be a triangulation of the underlying space of O compatible with the branching locus and letK be its lift to the universal cover O ∼ = S 3 . We consider the following chain and cochain complexes: Proof. There is a canonical projection C * (S 3 , su(2)) → C * (O, Ad•ρ) and, since π 1 (O) is finite, an averaging map C * (O, Ad • ρ) → C * (S 3 , su(2)) which is a section for the projection. According to [Bro, Prop. 10 .4 in ch. 3], the induced map
is an isomorphism. The Lie algebra su(2) does not have nontrivial elements invariant by Ad • ρ, because ρ is non-abelian (Lemma 9.3). Let N (Σ) be a tubular neighborhood of Σ and let N = O − N (Σ). We remark that N is compact and that the inclusion N ⊂ M is a homotopy equivalence, so H * (M; Ad • ρ) ∼ = H * (N; Ad • ρ).
It follows from the previous lemma by applying Mayer-Vietoris to the pair (N, N (Σ)) that there is a natural isomorphism
induced by inclusion. Consider the following piece of the exact sequence of the pair (N, ∂N):
The injectivity of i * comes from (11). Poincaré duality implies that H 1 (N; Ad • ρ) and H 2 (N, ∂N; Ad • ρ) are dual, H 1 (∂N; Ad • ρ) is dual to itself, and moreover δ and i * are dual maps. Hence δ is surjective and dim H 2 (N, ∂N; Ad • ρ) = dim H 1 (N; Ad • ρ) = 1 2 dim H 1 (∂N; Ad • ρ).
Proposition 9.10. If Σ has q edges and circles, then dim H 1 (M; Ad • ρ) = q.
Proof. For each meridian µ j , we construct a deformation of the restriction ρ| ∂N that is parametrized by the trace functions I µ j and leaves all other meridians constant. We proceed on each component, assuming that the deformation on the other components is trivial. First we consider the case that µ is a meridian around a singular circle, so the corresponding boundary component T 2 ⊂ ∂N is a torus. We wish to deform ρ| T 2 . We choose λ so that λ and µ generate π 1 (T 2 ). ρ(µ) and ρ(λ) commute and can therefore be simultaneously diagonalized. ρ(µ) and ρ(λ) can be varied independently inside a circle subgroup of SU(2). ρ(µ) has eigenvalues ±e ±i α 2 and trace ±2 cos α 2 where α is the cone angle, cf. (10). Since 0 < α ≤ π there are variations of ρ(µ) with non-zero derivative of the trace function I µ . Now we deal with a surface of genus g ≥ 2 in ∂N. We take a decomposition of this surface in pairs of pants, so that the curves of the decomposition are the meridians (each pair of pants P corresponds to a singular vertex and ∂P consists of meridians). The deformations we require are easily constructed if we prove that X(P, SU (2)) is locally parametred by the trace functions of the components of ∂P . Choose generators a and b of π 1 (P ), so that a, b and ab represent the three components of ∂P . Since a and b generate a free group, it is well known that (I a , I b , I ab ) : X(P, SL 2 (C)) −→ C 3 is an isomorphism of algebraic varieties defined over Q, see for instance [GM] . This isomorphism implies that, for each γ ∈ π 1 (P ), I γ is a polynomial on I a , I b , I ab with coefficients in Q. Thus (I a , I b , I ab ) : X(P, SL 2 (C)) ∩ R N −→ R 3 is also an isomorphism. The irreducibility of ρ| π 1 (P ) and Lemma 9.1 imply that (I a , I b , I ab ) : X(P, SU(2)) → R 3 is a local diffeomorphism at the conjugacy class of the restriction ρ| π 1 (P ) .
This finishes the proof of Theorem 9.4.
